
PHYSICAL REVIEW A 84, 033819 (2011)

Manipulating nonlinear optical processes with accelerating light beams
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We show theoretically that accelerating light beams can be used to manipulate nonlinear optical processes
through spatiotemporal quasi-phase-matching, allowing for unprecedented temporal and spectral shaping of the
generated light. As a proof of principle, we demonstrate exquisite control over the high-order harmonic frequency
conversion process, showing efficient enhancement of an extremely broad range of harmonics emitted during a
selected quarter-cycle of the driving laser pulse.
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I. INTRODUCTION

Accelerating light beams have attracted a great deal of
interest in recent years, treated often in the context of non-
diffracting solutions to the wave equation. The Airy beam
solution has been the most extensively studied to date (see [1]
for a review), while accelerating parabolic beams [2], Bessel
pulses [3], and Airy-Bessel pulses [4] have also attracted recent
interest. In addition, by interfering two light fields of different
frequencies, a traveling intensity modulation component can
be created [5]. Controlling the alignment and frequency chirp
of these fields can result in a controlled acceleration of
this intensity modulation. However, except for manipulating
microparticles [6] and for generating curved plasma channels
[7], the property of acceleration has virtually found no use.

Recent work has shown that light patterns propagating
with a constant velocity can be used to modify the phase
relationship of radiation emitted from different locations
in a medium at different times [8,9], achieving all-optical
quasi-phase-matching (QPM) of nonlinear optical conversion
processes. The general formalism that fully describes this
capability, called spatiotemporal quasi-phase-matching, was
only recently studied in detail [10]. Here we show that an
accelerating light pattern applied to QPM provides an ex-
tremely powerful means to selectively manipulate a nonlinear
frequency conversion process, leading to exquisite control of
the temporal and spectral properties of the emitted radiation.
We demonstrate this by applying accelerating QPM to the
process of high-harmonic generation [11].

II. THEORY

Consider a nonlinear optical frequency up-conversion
process from a fundamental frequency ω0 to the qth har-
monic. The evolution equation for the envelope of the
qth harmonicAωq

(z,t)propagating with a group velocity
vgq is given by [10]: (∂z + v−1

gq ∂t )Aωq
(z,t) ∝ A

p
ω0 (z,t)g(z,t)

ei(�ωt−�kz) with p ∈ Z. The function g(z,t) represents a
spatiotemporal modulation of the coupling between the fun-
damental and the qth harmonic (realizable with light [8]).
Dispersion can cause momentum mismatch �k = qk(ω0) −
k(ωq) and energy mismatch: �ω = qω0 − ωq . Integration
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of this equation over length and time scales l � π/�k

and t � π/�ω would lead to a significant build-up of the
harmonic field only if the oscillations at frequencies �k and
�ω would be cancelled by matching components contained
in the modulation function g(z,t) [10]. This condition is
known as spatiotemporal QPM. The most trivial case for
achieving spatiotemporal QPM is for g(z,t) = cos[φ(z,t)]
with φ(z,t) = �kz − �ωt . In this case, the lines of constant
phase of the modulation function φ(z,t) = φ0 are straight
[Fig. 1(a)], so fundamental pulses passing through the medium
at different times (or different time intervals within a particular
pulse) would experience the same modulation and thus be
subjected to the same phase-matching conditions. In this case,
the modulation can be created using a light pattern (e.g.,
a sequence of pulses) propagating with a fixed velocity [8]
[Fig. 1(a)]. If, on the other hand, the light pattern accelerates,
the lines of constant phase of the modulation function become
curved [Fig. 1(b)], so driving light passing through the
medium at different times would experience different phase-
matching conditions. The phase-matching condition between
the fundamental and harmonic fields becomes time dependent,
signifying that the moment within a pulse at which a specific
phase-matching value is achieved can be controlled, as we
show below.

We now consider an important case of accelerating QPM in
which the conditions for efficiently combining q fundamental
photons are satisfied along a coordinate τ = t − z/vp in a
frame moving at a constant velocity vp. Depending on the
problem being considered, vp can represent (for example) the
phase velocity or the group velocity of the driving field. Such
conditions allow a continuous (i.e., along the entire interaction
length) and efficient up-conversion of an extremely broadband
signal—provided the signal is frequency chirped. In this case,
each frequency component would continuously experience
a modulation required for phase-matched conversion of that
frequency component with the same efficiency as if a periodic
QPM modulation was used for only that frequency component.
Comparing to other methods for broadband up-conversion
using random or quasiperiodic QPM [12,13] results in a
tradeoff between the spectral bandwidth and efficiency of
the generated signal, while adiabatic QPM [14] requires a
long interaction length for efficient conversion. Furthermore,
accelerating QPM provides unique temporal control of the
signal, as demonstrated below.
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FIG. 1. (Color online) Quasi-phase-matching with accelerating
light pulses. The two shaded regions defined by the dashed lines
represent two different pulses (or two temporal slices within a
single pulse), copropagating with a constant group velocity ∼ c.
The periodic gray-white pattern represents counterpropagating light
pulses establishing a spatiotemporal QPM scheme. In (a) and (b),
the QPM pulses are counterpropagating with either a fixed velocity
∼ (−c) (a) or are accelerating (b), establishing the same (a), or
different (b) QPM conditions for the two copropagating pulses.

To find the phase function φ(z,t) obeying the conditions
above, we use the generalized phase-mismatch equation
that exists between the momentum mismatch, the energy
mismatch, and the material dispersion terms given by [10]:
�k = �ω · n(ωq)/c + qω0[n(ω0) − n(ωq)]/c, where n is the
index of refraction and c the velocity of light in vacuum.
To represent different up-conversion channels, each satisfied
along a specific value of τ , we set q = q(τ ), ω0 = ω0(τ ) and
ωq = ωq(τ ) so that qω0[n(ω0) − n(ωq)] = f (τ ). To first order
we approximate �ω · n(ωq)/c ∼= �ω/c. To achieve phase
matching, the instantaneous spatial and temporal frequencies
of the phase function must obey: ∂φ

∂z
= �k and − ∂φ

∂t
= �ω.

Thus we get a simple equation for the phase function

∂φ

∂t
+ c

∂φ

∂z
= f (t − z/vp). (1)

Generally the function f can be expanded as an Nth-
degree polynomial around a point of interest τ0, f =
N∑

n=0
an(t − z/vp − τ0)n. Now (1) can be formally integrated

to yield

φ = 1

1 − c/vp

N∑

n=0

an

n + 1
{(t − z/vp − τ0)n+1

−[c(t − z/c)/vp + t0(1 − c/vp) − τ0]n+1} + �(t − z/c),

(2)

where t0 is an arbitrary constant parameter and � an arbitrary
auxiliary function (see the appendix for possible realizations
of accelerating QPM modulations obeying this equation).
When N > 0, the lines of constant phase φ(z,t) = φ0 would
be curved, so the instantaneous phase velocity of the QPM
modulation vi = − ∂φ

∂t
( ∂φ

∂z
)−1 would not be constant along these

lines, giving accelerating QPM.

III. EXAMPLE: ENHANCING AND ISOLATING A
SELECTED BURST OF

HIGH-HARMONIC-GENERATION (HHG)

During HHG, electrons are liberated during ionization by
a strong laser pulse, accelerated in the same laser field, and
finally recombine with their parent ions, releasing any excess
kinetic energy gained in the process in the form of high-energy
photons. Many harmonic orders of the fundamental laser are
thus created coherently, emitted at bursts every half-cycle of
the driving field. There are two possible electron trajectories
(short and long) during each half-cycle of the driving field that
lead to the same photon energy [15]. The phase-mismatch con-
ditions for HHG are dynamically changing, because different
harmonics are radiated at different moments in the frame of
the driving pulse and because the dispersion is dynamically
changing as the driving pulse ionizes the nonlinear medium.
This makes HHG an excellent test bed for the power of
accelerating QPM.

Two main challenges exist for HHG. First, the conversion
efficiency is low. This challenge can be addressed with periodic
all-optical QPM [8] or with perfect phase matching [16].
Since the phase-matching conditions depend on the harmonic
order, these methods optimally enhance only a finite range
of harmonics. Using aperiodic QPM, a wider bandwidth can
be enhanced, but at the expense of conversion efficiency [9].
The second challenge for HHG is to isolate a single burst
of radiation emission. Several temporal gating techniques for
producing such isolated attosecond pulses have already been
demonstrated, in most cases generating attosecond pulses with
controllable, relatively narrow bandwidths [18–22]. Note that
gating techniques are temporal in nature (relating to some dy-
namics of the HHG process), while traditional phase-matching
techniques are spatial in nature, connecting the momentum of
the photons involved in the process with spatial geometries.
Because of the spatiotemporal nature of accelerating QPM,
we can address both challenges by combining phase matching
of extremely broadband radiation with controlled temporal
gating, so that the temporal location of the enhanced (phase-
matched) HHG emission can be controlled. To our knowledge,
such temporal and spectral control of HHG cannot be achieved
using any other scheme.

As an example, we simulate HHG generated from doubly
ionized argon at a pressure of 25 Torr inside a circular
wave guide with a diameter of 150 μm along an interaction
length of 250 μm, corresponding to ∼8 coherence lengths
(lc = π/�k). The pump laser field is an 800 nm, 10.67 fs
Gaussian pulse, with peak intensity of 5×1014 W/cm2 and zero
carrier-envelope-phase offset. The emission of high harmonics
is calculated using a generalized Lewenstein model [22] with
only the first two electronic trajectories (short and long) taken
into account. QPM was applied as an amplitude modulation
of the nonlinear dipole moment response of the material.

Figure 2(a) plots the laser pulse (blue) and harmonic
emission (red) at the exit of the medium, in the absence of
quasi-phase-matching. The high harmonics are emitted in a
series of bursts, every half-cycle of the pump pulse. Each
burst contains radiation that arises first from short trajectories
and then from long trajectories. The long-trajectory emissions
of the three strongest HHG bursts define temporal windows,
marked with roman numerals corresponding to the order of

033819-2



MANIPULATING NONLINEAR OPTICAL PROCESSES WITH . . . PHYSICAL REVIEW A 84, 033819 (2011)

FIG. 2. (Color) Identifying bursts of harmonic radiation. (a) The electric field of the driving laser (blue) and the generated high-harmonic
field (red) (normalized) at the exit of the medium. The expanded inset shows three high-harmonic bursts in different temporal windows I, II, and
III. (b) The accelerating spatiotemporal QPM modulation that quasi-phase-matches only those high harmonics emitted in temporal window II.
The function sgn{cos[φ(t,z]} is plotted for part of the interaction region in space-time. The driving laser pulse propagates between the dashed
lines. (arb. units = arbitrary units; a.u. = atomic units)

emission [thick black lines in the inset of Fig. 2]. Each
window exists for approximately a quarter of the pump laser
cycle, during which a chirped continuum of harmonics is
emitted—each harmonic order is emitted during a specific
moment τ in the frame of the laser pulse. This allows the
use of accelerating QPM to demonstrate simultaneous phase
matching of all the harmonics emitted during a single chosen
temporal window.

We simulate three different cases, in each a different
accelerating QPM modulation is used to selectively phase
match a continuum of harmonics emitted during each of
the three temporal windows. The required QPM modulations
were calculated using the formalism presented above with
N = 2, t0 = 0, τ0 set to the middle of each temporal window.
The auxiliary function was chosen as �(t − z/c) = k0(z −
ct) such that the zero-order (N = 0) instantaneous phase
velocity of the modulation would obey (quite arbitrarily)
v

(0)
i (τ = τ0) = −c. In Fig. 2, one of these modulations for

the temporal window marked with II is shown, with N = 1,
as the binary function sgn{cos[φ(z,t)]} over a limited section of
the interaction.

Figure 3 plots the selective enhancements of harmonics for
the three different selected temporal regions, where each plot
corresponds to a different accelerating QPM pattern. Here the
right column depicts the high-harmonics field at the end of the
interaction length without (blue) and with (black) the QPM

modulation. The left column depicts the spectral intensity of
the high-harmonic emission at the three temporal windows,
without (blue) and with (black) the QPM modulation. Note
that the QPM modulation leads to continuum emission, with an
enhancement of almost ×100 in intensity, even in the limited
interaction length we examine here. The temporal control,
allowing isolation of a specific, predetermined high-harmonic
radiation burst, is evident. Note again that the three cases are
exclusive, so one can selectively enhance radiation in any of
the temporal windows.

Figure 4 plots the harmonic intensity evolution as a function
of interaction length, for harmonics generated in the three
temporal windows. The scale is normalized separately for
each of the harmonics generated. The left column shows the
evolution without a QPM modulation. There each harmonic is
repeatedly and coherently being built up and then destroyed,
with a period equal to twice its coherence length (as expected
in the absence of phase matching). The coherence length is
changing as a function of both the harmonic order and the
specific temporal window. On the right column of Fig. 4,
the same evolution is shown for the case in which the three
different QPM modulations are applied. The growth of some
harmonics is not regular, and there is saturation of low-
order harmonics because both the phase-matching conditions
and the frequency shifts associated with the spatiotemporal
QPM modulation [10] (which are also responsible for the
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FIG. 3. (Color) Application of accelerating spatiotemporal QPM for selectively enhancing harmonics from different quarter cycles. Spectral
and temporal high-harmonic emission at the end of the interaction region without (blue) and with (black) QPM. The roman numerals relate to
the three temporal windows defined in Fig. 2, for which three different QPM patterns were applied to enhance the HHG emission in different
quarter cycles for each simulation (i.e., the three cases are mutually exclusive). Left column: HHG spectral intensity at the corresponding
temporal window. Right column: HHG electric field. (arb. units = arbitrary units; a.u. = atomic units).

extension of the spectrum observed in Fig. 3) are changing
along the propagation length. However, continuous growth is
demonstrated for most of the harmonics. In our simulations
(Fig. 3), a spectral region of ∼70 harmonic orders (110 eV) is
enhanced, corresponding to a transform-limited pulse duration
of about 20 as that emerges as a single attosecond pulse. To
obtain pulse duration corresponding to the transform limit, the
attosecond chirp does need to be compensated for, as has been
demonstrated in past experiments [23].

IV. SUMMARY

We have shown that accelerating light beams can be used
as a curved spatiotemporal QPM modulation that enables
powerful selective manipulation of the temporal and spectral
properties of radiation generated through nonlinear frequency
conversion processes. As a proof of principle we demonstrate
enhancement and controlled temporal isolation of a broad
continuum of harmonics generated by high-order-harmonic
generation.

ACKNOWLEDGMENTS

The authors gratefully acknowledge support from the
National Security Science and Engineering Faculty Fellowship
program and from the NSF Engineering Research Center for
Extreme Ultraviolet Science and Technology.

APPENDIX: POSSIBLE REALIZATIONS OF
ACCELERATING QPM MODULATIONS

Here we discuss the realization of accelerating QPM mod-
ulations obeying Eq. (2). First we note that for a given phase-
matching problem, there is considerable freedom in designing
a satisfactory QPM modulation (manifested in the form of the
phase function φ), both in the level of approximation used
(the degree of the polynomial expansion N ) and in choosing
the free parameters t0, τ0, and �. The free parameters do
not change the phase-matching conditions but do modify the
spatiotemporal geometry of the QPM modulation.

The simplest cases still showing acceleration are for N = 1.
In this case the phase function can contain linear terms in z and
t, and must contain at least two of the three nonlinear (chirp)
terms z2, t2, and tz leading to acceleration. Note that φ =
az + bz2(which does not obey the required form) represents a
QPM modulation containing regular spatial chirp [24].

When the phase function is of the form φ = az + bt +
dz2 + et2 the spatial and temporal chirp are decoupled. In
this case the accelerating part of the spatial modulation
can have a purely material form. This can be achieved
with nonlinear crystals as with traditional QPM methods for
low-order harmonic generation [25], or for high-harmonic
generation using a chirped version of the modulated wave
guide demonstrated in 2003 [26]. The temporal part can be
made from a sequence of temporally accelerating pulses. In
this case the temporal chirp/acceleration is quadratic, which
might be addressable with Airy-type light bullets [4].
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FIG. 4. (Color) Dynamics of accelerating quasi-phase-matching. Normalized power evolution for each harmonic order as a function of
the interaction distance. The roman numerals relate to the three different temporal windows defined in Fig. 2, for which three different QPM
patterns were applied. The color scale corresponds to low for blue and high for red. Left column: without QPM. Right column: with accelerating
QPM.

As was already mentioned, another approach for creating a
coupled spatiotemporal chirp is to use an intensity modulation
made by the superposition of two counterpropagating pulses.
The velocity of the intensity pattern depends on the frequencies
of the two pulses [5]. The addition of frequency chirp to one of
the pulses would create temporal, spatial, and spatiotemporal
chirp in the intensity modulation.

We note that recently a method was developed to construct
spatially accelerating light beams along arbitrary convex
trajectories [27]. Such a method can also be generalized to

include temporal acceleration, and might prove useful for the
purposes discussed in this work.

The example of using an accelerating pattern to achieve
exquisite level of control of a relatively complex nonlin-
ear process such as high-harmonic generation illustrates
the potential and possible usefulness of accelerating QPM.
However, in view of the discussion in this appendix,
it seems that simpler manipulations of nonlinear opti-
cal processes using accelerating light beams are within
reach.
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